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The microstructure of the nanocrystalline can be divided generally into two parts: grain and interface. When the grain
size is about or less than 10 nm, the interface can be divided into grain boundary and triple junctions. The mechanical
performance of nanocrystalline materials with complicated microstructures is greatly diﬀerent from that of the coarse grain
materials. In this paper, the nanocrystalline material is considered as a composite with three phases: the grain core, the
grain boundaries, and the triple junction. The model analysis for nanocrystalline material deformation is established
and the relationship between yield strength and grain size is obtained. The obtained result explains the inverse Hall–Petch
relation.
 2006 Published by Elsevier Ltd.
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Because of the special properties of nanocrystalline materials (Gleiter, 2000; Zhou and Xu, 2001), they have
attracted increasing attention since the 1980s. The study of mechanical properties of nanocrystalline materials,
including the relationship between the mechanical performance of the nanocrystalline and the size grain, has
been very important in the ﬁeld of nanocrystalline materials (Bing et al., 2005). As the size of the crystalline
grain reduces into the nanometer range, the mark of volume of the interface can be up to 49% (Tjong and
Chen, 2004), and if crystalline grain size is only about several nanometers, the inﬂuence of triple junctions
is also especially important.
Since 1988, Gleiter (Yao and Zhai, 2004) surveyed the elastic moduli of many kinds of metals, the results
have shown that the elastic moduli of nanometer metals are much less than those of coarse-grained materials;
the amplitude decrease could be up to 70%, and the reason is that there are spacing, defects, or cracks in the0020-7683/$ - see front matter  2006 Published by Elsevier Ltd.
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there are usually profuse defects and the atomic spacing deviates from the equilibrium state of the regular
lattice.
If defects and atomic spacing are not taken into account, the elastic moduli of nanocrystalline materials are
mainly related to the volume of the grain boundary and the triple junction. For example, Hyoung and Bush
(1999) thought of nanocrystalline materials as heterogeneous materials and studied the inﬂuence of crystalline
grain size on elastic moduli, Wang et al. (2003) considered gradient eﬀects on the amount of elastic moduli and
studied the inﬂuence of crystalline grain size on elastic moduli, Capolungo et al. (2005) studied elastic moduli
and inelastic behavior of nanocrystalline materials by homogenization.
The strength of polycrystalline materials is expected to increase with decreasing grain size, based on the
classical Hall–Petch (H–P) relationship. For coarse-grain materials, the size eﬀect on ﬂow stress is well known
and is given by the empirical Hall–Petch relationship, ry ¼ r0 þ Kd1=2, which suggests that the yield stress
increases with decreasing grain size, where ry is the yield stress, r0 is the friction stress, K is the Hall–Petch
slope and d is the grain size.
However, the experimental results showed that the relationship between the yield strength of the nanocrys-
talline and the grain size is very complicated (Tjong and Chen, 2004; Yao and Zhai, 2004; Sanders et al., 1997):
when the grain size of nanocrystalline is greater than a certain critical value, the Hall–Petch relation is satisﬁed
for a wide range of nanocrystalline materials. As the grain size of metals decrease to the order of the critical
value, the H–P slope remains positive, but with a smaller value. A reversed softening eﬀect or negative H–P
relation is observed for some nanocrystalline materials (Nieh and Wang, 2005; Zhao et al., 2003).
Numerous studies making the inverse Hall–Petch phenomenon clearer have been conducted, such as molec-
ular dynamics prediction, experimental observations, and heterogeneous materials simulation. For instance,
Derlet and Swygenhoven (2002) have predicted in inverse Hall–Petch relation between the yield strength
and the grain size with the molecule dynamics model, Kumar et al. (2003a,b) observed the nanocrystalline
mechanical performance by experiments. Benson et al. (2001) considered nanocrystalline materials into the
double-phase material and obtained the relation between the yield strength and the grain size.
In this paper, based on the MA (Benson et al., 2001) model, we study the inﬂuence of triple junctions by
considering nanocrystalline materials as composites with three phases, grain core, grain boundaries, and triple
junction, and discuss the relation between yield strength and grain size. When the size of the crystalline grain is
within about 15 nm, the volume of the triple junction is relatively large and has important inﬂuence on the
yield strength. The relation between the yield strength of nanocrystalline materials and the grain size is mainly
determined by the triple junction’s yield stress and the grain boundary’s yield stress. If the yield strength of the
triple junctions is greater than that of the grain boundary, the relation between yield strength and grain size
satisﬁes positive H–P relations; if the yield strength of the triple junctions is less than that of the grain bound-
ary, it is an inverse H–P relation. When the size of crystalline grain is greater than 20 nm, the inﬂuence of the
triple junctions can be neglected.
2. Heterogeneous composite model
The concept of nanocrystalline structure was put forth by Gleiter (2000). Nanocrystalline materials are
composed of structural elements (mostly crystallites) with a characteristic size (at least in one direction) of
a few nanometers. Diﬀerent orientation nanometer grains bind and stay by the grain boundary. Since the crys-
talline grain size is small, the volume fraction of grain boundary increases. Gleiter proposed a ‘‘hard-sphere’’
two-dimensional model for a nanocrystalline solid, as shown in Fig. 1 (left). Two diﬀerent structures of atoms
are illustrated in the diagram: crystal atoms with neighbor conﬁguration corresponding to the lattice and
boundary atoms with a wide variety of interatomic spacing. In the boundary regions, the coordination
between nearest neighbor atoms deviates or decreases from that in the crystallites, implying the occurrence
of atomic disorder in these regions. The atoms in the centers of the crystals are indicated in black; the ones
in the boundary regions are represented as open circles. Simply, the structure can be replaced by the model
the right image (Capolungo et al., 2005).
To obtain RVE as in Fig. 2 by homogenization and simplify the structure of nanocrystalline as heteroge-
neous material comprising grain core, grain boundary, and triple junctions, the following simpliﬁcations and
Fig. 1. Two-dimensional model of a nanocrystalline solid.
Fig. 2. The simplifying structure of nanocrystalline.
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phase is a constant.
The volume fractions of crystallite grain, grain boundary, and the triple junctions, denoted by fg, fgb and ftj,
are thus given (see Fig. 2) asfg ¼ ðd  2wÞ
2
d2
; f gb ¼
4ðd  2wÞw
d2
; f tj ¼
4w2
d2
; ð1Þwhere d is the grain size and w is the grain boundary thickness. So the Young modulus and yield strength can
be written in the formsE ¼ Egfg þ Egbfgb þ Etjftj; ð2Þ
ry ¼ rgfg þ rgbfg þ rtjftj; ð3Þwhere Eg and rg are the Young modulus and the yield strength of the grain core, Egb and rgb are the Young
modulus and the yield strength of the grain boundary, and Etj and rtj are the Young modulus and the yield
strength of the triple junctions.
Substituting Eq. (1) into Eq. (2) and expanding,ry ¼ rg þ 4ðrgb  rgÞwd  4ð2rgb  rg  rtjÞ
w2
d2
: ð4ÞFor the coarse grain materials, the item that includes d2 is very light and can be ignored. The relation between
the yield strength and crystalline grain size should the be H–P relation,4wðrgb  rgÞ
d
¼ khpd1=2: ð5Þ
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Param
Ni–P
Fe
Cuw ¼ f ðdÞ ¼ kmd1=2; ð6Þ
wherekm ¼ khp
4ðrgb  rgÞ ð7Þand d > 2w, d > 4k2m.
Substituting Eqs. (6) and (7) into Eq. (1) gives the volume fraction of crystallite grain, grain boundary, and
the triple junctions:fg ¼ ðd  2kmd
1=2Þ2
d2
; f gb ¼
4kmðd  2kmd1=2Þd1=2
d2
; f tj ¼
4k2m
d
; ð8Þby substituting Eqs. (6) and (7) into Eq. (2), the modulus is obtained as follows:E ¼ Eg ðd  2kmd
1=2Þ2
d2
þ Egb 4kmðd  2kmd
1=2Þd1=2
d2
þ Etj 4k
2
m
d
: ð9ÞSubstituting Eqs. (6) and (7) into Eq. (3) gives the yield strength:ry ¼ rg þ 4kmðrgb  rgÞd1=2  4k2mð2rgb  rg  rtjÞd1: ð10Þ
The above formula show that, when the size of the crystalline grain is in nanometers, it is not only the size of
crystalline grain, but also the grain boundary and triple junction, that contributes to the stress of yield.
Setting x ¼ d1=2, Eq. (10) can be rewritten as follows:
ry ¼ 4k2mð2rgb  rg  rtjÞx2 þ 4kmðrgb  rgÞxþ rg: ð11ÞIt is the two times function of x. Set x0 ¼ rgbrg2kmð2rgbrgrtjÞ, i.e., d0 ¼
4k2mð2rgbrgrtjÞ2
ðrgbrgÞ2
is the critical value. When
d P d0, the relation between the yield strength and the grain size is the positive H–P relation, when d < d0,
and d > 4k2m, we can give the following results:
(1) When rgb 6 rtj, the relation between the yield strength and the grain size is the positive H–P relation.
(2) When rgb>rtj, the relation between the yield strength and the grain size is the inverse H–P relation.
Considering nanometer Cu, Fe, and Ni–P (Benson et al., 2001; Zhao et al., 2003; Zhou et al., 2003), their
parameters are shown in Table 1, where khp is the material constant, rg is the yield strength of coarse grain
materials, the grain boundary and the triple junctions are considered to be amorphous structures, and the local
elastic constants for the grain boundary region have been calculated by means of atomistic simulation to be
70% of the crystalline values. Thus, the elastic properties of the grain boundary were taken to be 70% of those
of the corresponding polycrystals. The triple junction can be considered to have a random atomic distribution
similar to an amorphous structure. It is generally accepted that the elastic moduli of the amorphous alloy is
60–75% or 70–80% of that of the corresponding equilibrium crystalline alloy, and the yield strength of amor-
phous materials ranges from 50% to 80% of its Young modulus, while the Young modulus of amorphous
materials ranges from 60% to 75% of the corresponding equilibrium alloy (Zhou et al., 2003; Konstantinidis
and Aifantis, 1998) (see Table 1).1
eters for the model
rg (MPa) rgb (MPa) rtj (MPa) khp ðMPa m1=2Þ km
3940 9200 2710 0.39 1.86 · 105
100 2800 3000 0.48 4.44 · 105
25 900 1000 0.112–0.172 4.86 · 105
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the grain size increases. When the size of crystalline grains exceeds 100 nm, the volume of the triple junction is
very low; its inﬂuence can be ignored. Fig. 3 shows the relation of the volume of phases and the grain size.
Fig. 4 shows the result compared with various experimental data (Zhou et al., 2003).Fig. 3. The volume fraction of Ni–P.
Fig. 5. The yield strength of Cu.
Fig. 4. Young modulus of Ni–P.
Fig. 6. The yield strength of Fe.
Fig. 7. The yield strength of Ni–P.
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comparison with MA model, the main diﬀerence is that, when the size of crystalline grain is within 20 nm, the
volume fraction of triple junctions is heavy and its inﬂuence is obvious, but the MA model did not consider its
inﬂuence. Because the critical size of crystalline grains is smaller than the size of minimum crystalline grain, so
the positive H–P relation is satisﬁed, which is in conformity with experimental results, and its H–P slope is
partial and smaller.
Fig. 7 shows the comparison between the result of the nanometer Ni–P and experiment; the critical size of
crystalline grains of nanometer Ni–P is about 10 nm. When the size of crystalline grains is greater than 10 nm,
the positive H–P relation is satisﬁed, but when the size of crystalline grain is less than 10 nm, the inverse H–P
relation exists.
3. Conclusions
When the crystalline grain size is in the nanometer range, the nanocrystalline structure is very diﬀerent from
that of coarse grain materials, since the triple junctions and grain boundary have very large volume. So we
consider the nanocrystalline structure the three-phase composite and obtain the relation between yield
strength and grain size. When the size of crystalline grains is about several nanometers, the yield strength
X. Qing, G. Xingming / International Journal of Solids and Structures 43 (2006) 7793–7799 7799of nanocrystalline materials is determined mainly by the triple junctions and grain boundary. If the triple junc-
tion’s yield stress is smaller than that of the grain boundary, the relation between yield strength and grain size
is shown as an abnormal H–P phenomenon; if the yield stress of the triple junction is greater than that of the
grain boundary, the relation is a positive H–P relation. When the size of the crystalline grain is about 10–
100 nm, the yield strength of the nanocrystalline structure is determined by the grain boundary and the rela-
tion between yield strength and grain size is shown as a positive H–P relation. When the size of the crystalline
grain exceeds 100 nm, the yield strength is determined by the crystalline grain size and the classic H–P relation
is satisﬁed.
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